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Summary
In this thesis we are concerned with the existence of solutions of the heat equation
with a nonlinear boundary condition8><>:
@tu = u; x 2 
; t > 0;
ru  (x) = jujp 1u; x 2 @
; t > 0;
u(x; 0) = '(x); x 2 
;
(P)
where 
 is a uniformly regular domain of class C1 in RN , N  1, p > 1,  is the
outer unit normal vector to @
 and ' is a suciently smooth function dened in

. Throughout this thesis, we say that 
 is uniformly regular domain of class C1,
if there exists a countable family (Uj; j), j = 1; 2; : : : of coordinate charts with the
following properties:
(i) Each j is a C
1-dieomorphism of Uj onto the B(0; 1) mapping Uj \ 
 onto
B(0; 1) \ RN+ and @Uj \ 
 onto B(0; 1) \ (RN 1  f0g). In addition, the
functions j and the derivatives of j and 
 1 are uniformly bounded in Uj
and B(0; 1) respectively.
(ii) The set
1[
j=1
 1j (B(0; 1=2))
contains an -neighborhood of @
 in 
 for some  > 0.
(iii) There exists a positive integer k such that any k + 1 distinct sets Uj have an
empty intersection.
1.1 Background
Diusion phenomena such as heat transfer and chemical reaction are often described
by nonlinear parabolic equations and they have studied from various mathematical
points of view. Problem (P) is one of the simplest models appearing in the theory of
the exothermic chemical raction on @
 and its solution u describes the distribution
of the density of chemicals. Although problem (P) has a simple form, it has rich
structure from mathematical points of view.
Problem (P) has been studied extensively from various points of view since the
pioneering work due to the paper [42] presented by Levine and Payne. Among
others, the well-posedness, global existence and the blow-up of the solution have
been studied in [5]{[7], [10]{[14], [21]{[24], [26]{[31], [35], [39], [46], [48] and so on.
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It is known that the solution of problem (P) does not necessarily exist globally in
time, due to the nonlinear boundary condition. Indeed, under suitable conditions,
the solution u of (P) blows up in nite time, that is,
lim
t!T
ku(t)kL1(
) =1
for some 0 < T <1. Then the solution u does not exist beyond the time t = T in
the classical sense.
In [5] Arrieta, Carvalho and Rodrguez-Bernal studied the local well-posedness
of (P) in Lr(
) with 1 < r  1 such that r  N(p   1), where 
 is a bounded
smooth domain in RN . See also [7]. We remark that in the case p > 1 + 1=N ,
LN(p 1)(
) is a critical space to ensure the existence of solutions to (P) in the
Lebesgue spaces. Generally, critical spaces are invariant under similarity transform
for (P). For problem (P),
u(x; t) := 
1
p 1u(x; 2t); x 2 RN+ ; t > 0 (1.1.1)
is a similarity transform. Furthermore, we see that the Lebesgue space LN(p 1)(RN+ )
is invariant under the transform (1.1.1), that is,
k'kLN(p 1)(RN+ ) = k'kLN(p 1)(RN+ ) (1.1.2)
for all  > 0, where '(x) := 
1
p 1'(x). This implies that the existence time of u
cannot be estimated by k'kLN(p 1)(RN+ ). Indeed, let u be a solution in RN+  [0; T )
with the initial function ', where T > 0 is the maximal existence time of u. Then
(1.1.2) holds and the existence time of u, 
 2T tends to 0 as !1.
In this thesis we shall introduce the uniformly local Lebesgue spaces in order to
obtain optimal estimates of the blow-up time of solutions to (P). More precisely, we
study
 the local well-posedness of (P) in the uniformly local Lebesgue spaces (see
Chapter 2).
As a generalization of the above, we study
 the existence of the solutions of (P) with growing initial data (see Chapter 3).
Moreover we obtain optimal estimates of the blow-up time as an application of above
results (see Chapters 2 and 3).
1.2 Main results
In this section we introduce uniformly local Lebesgue spaces and state the main
results of the thesis.
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1.2.1 Uniformly local Lr spaces
For 1  r <1, dene
Lruloc(
) := ff is a measurable function dened in 
; kfkr;1 <1g;
where
kfkr;1 := sup
x2

Z

\B(x;1)
jf(y)jrdy
1=r
:
Then Lruloc(
) is a Banach space equipped with the norm k  kr;1 and
kfkr; := sup
x2

Z

\B(x;)
jf(y)jrdy
1=r
;  > 0;
are equivalent norms to k  k1;. Furthermore, we dene Lruloc(
) by the completion
of bounded uniformly continuous functions in 
 with respect to the norm k  kr;1,
that is,
Lruloc(
) := BUC(
)
k  kr;1
:
We set L1uloc(
) = L
1(
) and L1uloc(
) = BUC(
).
Let 1  r <1. We recall the following properties of Lruloc(
):
(i) there exists a constant C2 depending only on N such that
kfkr;  C2N(
1
r
  1
q
)kfkq;; f 2 Lquloc;(
);
for any 1  r  q <1 and  > 0;
(ii) if f 2 Lr(
), then f 2 Lruloc(
) and
lim
!+0
kfkr; = 0:
Properties (i) and (ii) are proved by the Holder inequality and the absolute continuity
of jf jr dy with respect to dy.
Lemma 1.2.1 Let N  1 and 
 be a domain in RN . Then there exists M 2
f1; 2; : : : g depending only on N such that, for any x 2 
 and  > 0,

(x; 2) 
n[
k=1

(xk; ) (1.2.1)
for some fxkgnk=1  
 with n M .
The spaces Lruloc(
) and Lruloc(
) have been used for the study of the solutions of
parabolic equations in unbounded domains with non-decaying initial functions (see
e.g., [8], [44] and references therein). In this thesis we obtain the well-posedness in
uniformly local Lebesgue spaces by the use of the norm kkr;. The scaling parameter
 enable us to estimate the degree of the concentration of the initial function and
obtain optimal estimates of the blow-up time.
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1.2.2 Heat equation with a nonlinear boundary condition
and uniformly local Lr spaces
In Chapter 2 we prove the existence of solutions of (P) by using the uniformly local
Lebesgue spaces. We provide a new technique to prove the estimates of the blow-up
time by using the scaling parameter  in k  kr;. Furthermore, we obtain the lower
estimates of the blow-up rate (see Section 5 in Chapter 2).
By the trace inequality for W 1;1(
)-functions and the Gagliardo-Nirenberg in-
equality we can nd  2 (0;1] with the following properties.
 There exists a positive constant c1 such thatZ
@
(x;)
jvj d  c1
Z

(x;)
jrvj dy (1.2.2)
for all v 2 C10(B(x; )), x 2 
 and 0 <  < .
 Let 1  ,   1 and  2 [0; 1] be such that
1

= 

1
2
  1
N

+ (1  ) 1

:
Assume, if N  2, that  6=1 or N 6= 2. Then there exists a constant c2 such
that
kvkL(
(x;))  c2kvk1 L(
(x;))krvkL2(
(x;)) (1.2.3)
for all v 2 C10(B(x; )), x 2 
 and 0 <  < .
We remark that, in the case

 = f(x0; xN) 2 RN 1 R : xN > (x0)g;
where N  2 and  2 C1(RN 1) with krkL1(RN 1) < 1, (1.2.2) and (1.2.3)
hold with  = 1. Inequalities (1.2.2) and (1.2.3) are used to treat the nonlinear
boundary condition.
Next we state the denition of the solution of (P).
Denition 1.2.1 Let 0 < T  1 and 1  r < 1. Let u be a continuous function
in 
 (0; T ]. We say that u is a Lruloc(
)-solution of (P) in 
 [0; T ] if
 u 2 L1(; T : L1(
)) \ L2(; T : W 1;2(
 \ B(0; R))) for any  2 (0; T ) and
R > 0,
 u 2 C([0; T ) : Lruloc(
)) with lim
t!0
ku(t)  'kr; = 0 for some  > 0,
4
 u satisesZ T
0
Z


f u@t+ru  rg dyds =
Z T
0
Z
@

jujp 1u dds (1.2.4)
for all  2 C10 (RN  (0; T )).
Here d is the surface measure on @
. Furthermore, for any continuous function
u in 
  (0; T ), we say that u is a Lruloc(
)-solution of (P) in 
  [0; T ) if u is a
Lruloc(
)-solution of (P) in 
 [0; ] for any  2 (0; T ).
Now we are ready to state the main results of Chapter 2. Let p = 1 + 1=N .
Theorem 1.2.1 Let N  1 and 
  RN be a uniformly regular domain of class
C1. Let  satisfy (1.2.2) and (1.2.3). Then, for any 1  r <1 with8><>:
r  N(p  1) if p > p;
r > 1 if p = p;
r  1 if 1 < p < p;
(1.2.5)
there exists a positive constant 1 such that, for any ' 2 Lruloc(
) with

1
p 1 Nr k'kr;  1 (1.2.6)
for some  2 (0; =2), problem (P) possesses a Lruloc(
)-solution u in 
  [0; 2]
satisfying
sup
0<t<2
ku(t)kr;  Ck'kr;;
sup
0<t<2
t
N
2r ku(t)kL1(
)  Ck'kr;:
Here C and  are constants depending only on N , 
, p and r.
Theorem 1.2.1 implies that T (')  2 under assumption (1.2.5). Furthermore, we
have:
Theorem 1.2.2 Assume the same conditions as in Theorem 1.2.1. Let v and w
be Lruloc(
)-solutions of (P) in 
  [0; T ) such that v(x; 0)  w(x; 0) for almost all
x 2 
, where T > 0 and r is as in (1.2.5). Assume, if r = 1, that
lim sup
t!+0
t
1
2(p 1)
kv(t)kL1(
) + kw(t)kL1(
) <1:
Then there exists a positive constant 2 such that, if

1
p 1 Nr [kv(0)kr; + kw(0)kr;]  2
for some  2 (0; =2), then
v(x; t)  w(x; t) in 
 (0; T ):
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As a corollary of Theorems 1.2.1 and 1.2.2, we have the existence of global
solutions.
Corollary 1.2.1 Assume the same conditions as in Theorem 1.2.1 and p > p.
(i) For any ' 2 LN(p 1)(
), problem (P) has a unique LN(p 1)uloc (
)-solution in

 [0; T ] for some T > 0.
(ii) Assume  =1. Then there exists a constant  such that, if
k'kLN(p 1)(
)  ;
then problem (P) has a unique L
N(p 1)
uloc (
)-solution u such that
sup
0<t<1
ku(t)kLN(p 1)(
) + sup
0<t<1
t
1
2(p 1)ku(t)kL1(
) <1:
We explain the idea of the proof of Theorem 1.2.1. Under the assumptions of
Theorem 1.2.1, there exists a sequence f'ng1n=1  BUC(
) such that
lim
n!1
k'  'nkr; = 0; sup
n
k'nkr;  2k'kr;: (1.2.7)
For any n = 1; 2; : : : , let un satisfy in the classical sense8><>:
@tu = u in 
 (0; Tn);
ru  (x) = jujp 1u on @
 (0; Tn);
u(x; 0) = 'n(x) in 
;
(1.2.8)
where Tn is the blow-up time of the solution un. By regularity theorems for parabolic
equations (see e.g. [14] and [43, Chapters III and IV]) we see that
un 2 BUC(
 [0; T ]); run 2 L1(
 (; T )); (1.2.9)
for any 0 <  < T < Tn, which imply that un is a L
r
uloc(
)-solution in 
  [0; Tn)
for any 1  r <1. Set
	r;[un](t) := sup
0t
sup
x2

Z

(x;)
jun(y; )jr dy; 0  t < Tn:
It follows from (1.2.6) and (1.2.7) that
	r;[un](0)
1
r = k'nkr;  2k'kr;  21 
1
p 1+
N
r : (1.2.10)
Dene
T n := sup f 2 (0; Tn) : 	r;[un](t)  6M	r;[un](0) in [0; ]g ;
T n := sup
n
 2 (0; Tn) :  1 + kun(t)kp 1L1(
)  2t 
1
2 in (0; ]
o
;
(1.2.11)
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whereM is the integer given in Lemma 1.2.1. We adapt the arguments in [2], [3] and
[33] to obtain uniform estimates of un and um  un with respect to m, n = 1; 2; : : : ,
and prove that
inf
n
T n  2; inf
n
T n  2;
for some  > 0. This enables us to prove Theorem 1.2.1. Theorem 1.2.2 follows
from a similar argument as in Theorem 1.2.1.
1.2.3 Heat equation with a nonlinear boundary condition
and growing initial data
In Chapter 3 we study the existence of local-in-time solutions with nonnegative
initial functions growing up at the space innity as a generalization of the result in
Chapter 2. More precisely, we consider8><>:
@tu = u; x 2 
; t > 0;
ru  (x) = up; x 2 @
; t > 0;
u(x; 0) = '(x)  0; x 2 
;
(P2)
where p > 1, 
 is a uniformly regular domain of class C1 in RN and the initial
function ' satises
'(x) = O( exp(d(x)2)) as d(x)!1: (1.2.12)
Here  > 0 and d(x) is the distance function of x and the boundary, that is, for
x 2 
, d(x) := inffjx  yj : y 2 @
g.
The existence of local-in-time solutions for parabolic equations with growing
initial data has been studied since 1930s. According to [49] and [50], the initial
value problem (
@tu = u; x 2 RN ; t > 0;
u(x; 0) = '(x)  0; x 2 RN (H)
has a unique solution u in RN  (0; 1=4) under the conditions
'(x)  C exp(jxj2); x 2 RN (1.2.13)
or Z
RN
e jxj
2
'(x) dx <1: (1.2.14)
In [4] the existence of weak solutions of (H) is proved under the conditionZ
RN
(e jxj
2
'(x))2 dx <1:
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On the other hand, we consider the initial value problem for the semilinear heat
equation (
@tu = u+ u
p; x 2 RN ; t > 0;
u(x; 0) = '(x)  0; x 2 RN ; (F)
where p > 1 and ' 2 C(RN). Assume that there exist a sequence fxng  RN and
 > 0 such that
lim
n!1
inff'(x) : jx  xnj  g =1: (1.2.15)
Then the instant blow-up occurs (see [25]). This result contrasts with the situation in
the linear case, in which the initial function grows at the space innity. We have thus
seen that problem (F) cannot be solved in the case initial function grows. However,
as we consider below, nonlinear boundary problem (P2) possesses a local-in-time
solution that can be obtained under the condition (1.2.13). The most signicant
dierence between problems (F) and (P2) is that in (F) the nonlinear term appears
in the equation, while in (P2) it appears in the boundary condition. This dierence
enable us to prove the existence of solutions to (P2) even if the initial data grows
up exponentially as d(x)!1.
We formulate the denition of the solution of (P2).
Denition 1.2.2 Let u be a nonnegative and continuous function in 
  (0; T ],
where T > 0. We say that u is a solution of (P2) in 
 (0; T ] if
(a) sup
tT
ku(t)kL1(@
) <1 for any  2 (0; T ];
(b) u 2 L2(; T : H1(
(0; R))) for any  2 (0; T ) and R > 0;
(c) u satises Z T
0
Z


f u@t+ru  rg dyds =
Z T
0
Z
@

up dds
for all  2 C10 (RN  (0; T )). Here d is the surface measure on @
.
Furthermore, we say that u is a solution of (P2) in 
  (0; T ) if u is a solution of
(P2) in 
 (0; T 0] for any T 0 2 (0; T ).
By Denition 1.2.2 and [43, Chapter III] we see that every solution u of (P2) in

 (0; T ] satisesZ


u(y; t2)(y; t2) dy +
Z t2
t1
Z


f u@t+ru  rg dyds
=
Z


u(y; t1)(y; t1) dy +
Z t2
t1
Z
@

up dds
(1.2.16)
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for all  2 C10 (RN  (0; T ]) and all 0 < t1 < t2  T .
Now we are ready to state the main results of this Chapter. In Theorem 1.2.3
we show the existence of local-in-time solutions of problem (P2) under the assump-
tion (1.2.13).
Theorem 1.2.3 Let 
  RN (N  1) be a uniformly regular domain of class C1,
r > 1 with r  N(p 1) and ` 2 (0; 1). Let  satisfy (1.2.2) and (1.2.3). Then there
exist positive constants ,  and c such that, if a nonnegative measurable function
' in 
 satises
e d
2
' 2 Lruloc(
) and 
1
p 1 Nr ke d2'kr;  
for some   0 and  2 (0; ) with 1=2  1, then problem (P2) possesses a
solution u in 
 (0; 2] such that
lim
t!+0
kU(t)  e d2'kr; = 0;
sup
0t2
kU(t)kr;  cke d2'kr;;
0  U(x; t)  ct N2r (1 + d(x)2)N+22r ke d2'kr; in 
 (0; 2];
where
U(x; t) := e (x;t)u(x; t); (x; t) := [1 + ( 2t)`]d(x)2:
In particular, in the case where 
 is a half-space of RN , we have:
Corollary 1.2.2 Let 
 = RN+ := f(x0; xN) : x0 2 RN 1; xN > 0g. Then the same
conclusion as in Theorem 1.2.2 holds with  =1 and d(x) = xN .
Theorem 1.2.4 is concerned with the comparison principle for problem (P2).
Theorem 1.2.4 Assume the same conditions as in Theorem 1.2.3. Then there exists
a positive constant  with the following properties:
 Let v and w be solutions in 
 (0; T ] for some T > 0 such that
e d
2
v; e d
2
w 2 C([0; T ] : Lruloc(
)) for some   0:
(i) Let 0  v(x; 0)  w(x; 0) for almost all x 2 
. If

1
p 1 Nr sup
0tT
h
ke d2v(t)kr;
i
 
for some  2 (0; ) with 1=2  1, then v(x; t)  w(x; t) for almost all
x 2 
 and t 2 (0; T ].
9
(ii) Let v(x; 0) = w(x; 0)  0 for almost all x 2 
. If

1
p 1 Nr sup
0tT
h
ke d2v(t)kr; + ke d2w(t)kr;
i
 
for some  2 (0; ) with 1=2  1, then v(x; t) = w(x; t) for almost all
x 2 
 and t 2 (0; T ].
The proofs of Theorems 1.2.3 and 1.2.4 are based on the renement of a technique
developed in [33] and [37]. The function  in Theorem 1.2.3 is a modication of the
weight used in [32]{[34] and it has the following property: For any C > 0, there
exists a constant  > 0 such that
Cjrj2   @t  0 (1.2.17)
for almost all x 2 
 and t 2 (0; 2]. Inequality (1.2.17) is a crucial ingredient
in order to treat solutions growing exponentially as d(x) ! 1. We modify the
arguments in [33] and [37] with the aid of (1.2.17) and obtain a priori estimates of
U := e u, instead of u. Theorem 1.2.4 is proved by a similar argument as in the
proof of Theorem 1.2.3.
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